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Let f(z)=z+a,z’+ ... be analytic in the unit disk Q = {z : (~1 i 1). By using 
the method of differential subordinations we give a criterion for a function f(z) to 
be in a certain class Y*[a, b] of starlike functions. For functions f(z) E 9 *[a, b] 
a subordination relation for (f’(z)/z)” is also given. ic‘ 1990 Academic press, IX 
1. INTRODUCTION AND PRELIMINARIES 
Let .G? denote the class of functions of the form 
f(z)=z+ f UkZk 
k=2 
(1) 
which are analytic in the unit disk @ = {z : IzI < 1 }. 
For a function f(z)Ed we say that it is starlike of order cr if and only 
if 
(2) 
for some c( (0 6 c( < l), and for all z E 0&. We denote by Y*(a) the class of 
all such functions. We write Y* instead of Y*(O) and note that 
Y*(a)cY* for 0<~<1. 
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We denote by ,J’ the class of convex functions in the unit disk 02, i.e., 
the class for which $‘(z) E .Y’*. The last condition may be expressed in the 
form of 
Re {l +z$$j}>O (zE@). 
Let f(z) and g(z) be analytic in the unit disk %. Then we say that the 
function g(z) is subordinate to f(z) in % if there exists an analytic function 
w(z) in the unit disk C& such that I\v(z)~ < 1 (ZE Z!) and g(z)=f(w(z)). For 
this relation the symbol g(z) <,f(z) or g<J is used. In case f(z) is 
univalent in % we have that the subordination g<f is equivalent to 
g(O) =f(O) and g(e) cfC”a). 
For a function ,f(z) belonging to ,d we say that it belongs to the class 
Y*[a, 61, - 1 d h < u 6 1, if and only if 
zf’(z) 1 +az __ - 
,f(z) < 1 + hz’ 
Geometrically, it means that the image of @ by zf’(z)if(z) is inside the 
open disk centered on the real axis with diameter end points (1 - a)/( 1 - b) 
and (1 + a)/( 1 + b). From these and from (2) we conclude that 9’*[a, b] c 
Y*(( 1 - a)/( 1 -h)). Special selections of a and b lead to the following 
classes: Y*[l, -11 =Y*, <!7*[1-2cZ, -l]=Y*(a), O<ol<l, Y*[cr,o] 
is the class defined by 
I I 
zf’(z) 1 <M ___ 
f(z) 
(0 d a < 1 ), 
and so on. 
The general theory of differential subordinations introduced by Miller 
and Mocanu is given in [2]. The first-order differential subordination with 
many interesting applications is considered by the same authors in [3]. 
Namely, if $: C2 + C is analytic in a domain 9, if h(z) is univalent in %, 
and if p(z) is analytic in %! with (p(z), z~‘(z))E 9, ZE%, then p(z) is said 
to satisfy the first-order differential subordination if 
W(z)9 ZP’(Z))4 h(z). (4) 
The univalent function q(z) is said to be a dominant of the differential sub- 
ordination (4) if p(z) < q(z) for all p(z) satisfying (4). If q(z) is a dominant 
of (4) and q(z) < q(z) for all dominants q(z) of (4), then Q(z) is said to be 
the best dominant of (4). 
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In this paper, we give a criterion for a function f(z) of the form (1) to 
be in the class .4P*[a, b] and a result for the image domain for functions 
(~(z)/z)~, where f(z) E Y*[a, 61. For the proofs of these results we need 
the following lemmas. 
LEMMA 1 [3]. Let q(z) b e univalent in % and let e(w) and b(w) he 
analytic in a domain 9 containing q(e), with d(w) # 0 when w E q(%). Set 
Q(Z) = zq’(z)4(q(z)), h(z) = @q(z)) + Q(z) and suppose that 
(i) Q(z) is starlike (univalent in % with Q(0) = 0, Q’(0) # 0) 
and 
(ii) Re{zz{=Re{#+z$j-$j>O (zE%). 
Zfp(z) is analytic in a, with p(0) = q(O), p(e) c 9, and 
@P(Z)) +zP’(z)~(P(z)) < &q(z)) + zq’(zMq(z)) = h(z), 
then p(z) < q(z), and q(z) is the best dominant of (5). 
(5) 
LEMMA 2 [4]. The fuction (1 -z)” z ea’“(‘- “, fl# 0, is univalent in @ if 
and only IY /I is either in the closed disk Ifi - 11 < 1 or in the closed disk 
1p-t ll< 1. 
It is clear that Lemma 2 is valid for the function (1 + z)p, z E @. 
2. SOME PROPERTIES OF Y* [a,b] 
First we give the following lemma. 
LEMMA 3. Let p(z) be analytic in %! with p(0) = 1 and p(z) #O for 





then p(z)< (1 +az)/(l + bz) and this is the best dominant. 
Proof: If we take q(z) = (1 f az)/(l + bz), - 1 <b < a 60, 0(w) = 
1 - l/w, and 4(w) = l/w2 in Lemma 1, then it is easy to show that q(z), 
e(w), and b(w) satisfy the conditions of Lemma 1. Since 
Q(z) = zq’(zM(dz)) = (a-b) (, +zazj2 
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is starlike in ‘4 and 
h(z)=l)(q(;))+Q(z)=(a-b);;*++a;i=h,(z) 
(defined in (6)), then we directly check that the conditions (i) and (ii) of 
Lemma 1 will be satisfied, and so from (5) we obtain the statement of 
Lemma 3. 
Now, we prove 
THEOREM 1. Let a and b be fixed numbers such that - 16 b < a < 0, and 
let f(z)E.cS with f(z)f’(z)#O,for 0~ IzI < 1. Zf 
where 
k(a, b) = (a - b)(* -a) 
(1-a)’ ’ 
then f(z) E Y* [a, b]. In particular, if (4a - a3 - 1 )/( 3 - a) d b < a B 0, then 
f(z) E AC”. 
Proof: If we put p(z) = zf’(z)/f(z), then p(z) is analytic in 2!, p(O) = 1, 
and p(z) # 0 for z E a. For such p(z) in Lemma 1 from (6) we get 
f(z).f”(z) 
(.f’(z))* i(a-b)(l +az)2 
z(2+az)&(z) 
(9) 
Let us show that for a function f(z) with (7) and (8) the left hand side 
of the implication (9) is valid. 
The function h,(z) has the property that its image h,(q) contains the 
disk ) WI < k(a, b), where k(a, b) is defined by (8). Namely, 0 E h,(e), while 
the square of the distance from the origin to the arbitrary boundary point 
of the image domain is given by 
4+4acos#+a* 
lhl(e’d)12= (0-b)’ (1 +2acosd+a2)2 
=(a-b) 
4 + 4at + a2 
(1 +2at+a2)2’ (10) 
where we put cos C$ = t. 
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The functions Ihr(e’@)j and (hr(e’@)1* attain the minimum value for the 
same C$ (i.e., for the same t). In that sanse, let 




d’(t) = -4a 
3+2at ,. 
(1 +2at+a2)*’ 
for - 1 < ad 0, - 1 < t < 1, then d(t) is a nondecreasing function of t and 
has the minimum value d( - 1) = (2 - a)‘/( 1 - a)“. Therefore, the function 
IhI(eib)j has the minimum value k(a, b), where k(a, 6) is defined by (8). 
From there we have that 
{z : JzI < k(a, b)) c h,(@). (12) 
On the other hand, from (7) we have 
and from there 
I I 
.m)f”(Z) <k(a b) 
(f’(z))* ’ (ZEe!)). (13) 
From (12) and (13) we have 
f(z)f”(z) ~ h (z) 
(f’(zH2 ’ ’ 
and finally from (9) that f(z) E Y*[a, b]. 
We note that k(a, b), - 1 < b < a < 0, is a decreasing function of a and an 
increasing function of b, which are necessary because of the properties of 
the function (1 + az)/( 1 + bz). 
Next, suppose that (4a - a3 - 1)/(3 - a) < b < a d 0. Since the subordina- 
tion z~‘(z)/f(z) to (1 + az)/( 1 + bz) implies that 
(see Section 1), 
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then from (7) and (8) we have 
I I 
<y(r) <(a--)(2-a) 1 +a 
.f“(Z 1 (1 -ay 
l+h IZI d 1171 < 1 (z E UC). 
From these we conclude that .f’(z) E X, which was to be proved. 
Remark 1. Since (1 -a)/(l-b)=a>$ for -l<b<a<O, then 
Y*[a, b] cY*(a), where ;-<a < 1. For a fixed tl (i<@ c= 1) try to find 
k(a, h) as much as possible such that the relation (7) implies f(z) E P’*(U). 
From (8) and a=(1 -a)/(l-h) we have 
k(a,b)=$ (1++-)2y 
andk(a,b)=2(1-a)/afora=O.Fromthereh=(l-~)/afollows. 
In such a way we get the following corollary. 
COROLLARY 1. Let f(z) E .d with f(z) f’(z) # 0 for 0 < (zl < 1, and let c( 
he a constant, +dcc< 1. rf 
holds, then f(z) E Y*(U) and zf’(z)/f( ) z is subordinate to CC/{CC- (1 - CX)Z} 
(ZE 42). In particular, if $6 tl< 1, then fox and /$‘(z)/(z)/ d 1 
(z E %d). 
This is the earlier result given by Robertson [4] with another method. 
LEMMA 4. Let p(z) be analytic in “u with p(O) = 1 and p(z) #O for 
0<1z1<1,andfet -l<b<a<l. 
(i) Let b # 0 and p be a complex number with p # 0. Let a, b, and JA 
satisfy either 
(14) 
Zf p(z) satisfies 
l+- - 
zp’(z) ~ 1 + az 
pp(z) 1 + bz’ (15) 
CLASSES OF STARLIKE FUNCTIONS 363 
then 
p(z)<(l +bz)“‘“-h”b 
and this is the best dominant. 
(ii) Let h = 0, p be a complex number with p # 0, and IpaJ < 7~. Zf p(z) 
satisfies 
1+ 
zp’(z) -< 1 +az, 
PP(Z) 
(16) 
then p(z) < ep’“’ and this is the best dominant. 
Proof: (i) In Lemma 1 we choose H(w)= 1, d(w)= l/(pw), and 
q(z) = (1 + bz)+ b)‘b. Th e f unction q(z) with (14) is univalent in @ (see 
Lemma 2). Further we easily obtain that 
is starlike (not normalized) in @, and that 
1 + az 
h(z) = @q(z)) + Q(Z) = mhz’ 
The conditions in Lemma 1 are also satisfied, and the conclusion follows 
from Lemma 1. 
(ii) The proof is similar to that in case (i). 
With the aid of Lemma 4. we show 
THEOREM 2. Letf(z)EY*[a, b], where -1 <b<a< 1 and b#O. Then 
we have 
< (1 + bz)h’ Wb, 
where p is a complex number with ,a # 0 satisfying (14). 
In case b=O, i.e., for f(z)EY*[a, 01, 0 <a< 1, we have 
(17) 
(18) 
where p#O and Ipal <z. 
Proof Set p(z) = (f(z)/z)“. Then p(z) is analytic in a, p(0) = 1, and 
p(z) #O for z E @ (because f(z) E Y*[a, b] is univalent in a). For such 
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p(z) from (i) and (ii) of Lemma4 we get the relations (17) and (18) of 
Theorem 2. 
From Theorem 2, in special cases, we have the follwing corollary. 
COROLLARY 2. (i) For u = 1 - 2cx, 0 d c( < 1, and b = - 1 u’e haue 
f(z) I’ .f(Z)EYP*(S()=> ‘- ( > 1 < z (1 -;)2/c(l-x)’ (19) 
where p#O satisfies either (2~(1 -%)- l/ d 1 or /2~(1 -x)+ l/ B 1. For 
example, from ( 19) for p = + we get 
f(z) 1 f(z)Ey*(So=. --=c 
d- 
(0 da < 1). 
z (1 -z)‘-= 
For c1= 0 we obtain the corresponding relation for Y*, that is, 
,f(z)E*y** f(z) Y+L 
( > z (1 -z)ZP’ 
where p#O and )2p- 11 < 1 or 12p+ 11 6 1. Especially,,for p= 1, we have 
.f(Z)E.P=J~< l 
z (1 -z)2’ 
(ii) For b = 0 and a = a, 0 <a < 1, i.e., for the class Y*[or, 0] defined 
by Izf’(z)/f(z)- l/ <a, we have 
f(z) f(z)EY*[a,O]* - ( > &J < eJxx’ 9 Z 
where p #O and Ipal < Z. 
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